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Abstract: The Relativistic Heavy Ion Collider RHIC will collide polarized proton 
beams up to a maximum beam energy of 250 GeV [I]. The invariant spin field 
in a high energy ring can vary substantially across the beam. This decreases the 
amount of polarization provided to experiments and makes the polarization strongly 
dependent on the position in phase space. This paper describes a method to compute 
the invariant spin field by adiabatically blowing up the beam with an rf dipole. This 
method will also allow measuring the invariant spin field in RHIC. 

1 Introduction 

In order to investigate the motion of the spin during acceleration and storage of a polarized 
high energy beam, the invariant spin field has to be calculated. The invariant spin field 6(Z) 
depends on the position z’ of the particle in the six dimensional phase space. A particle with 
the initial spin g at the phase space position 5 has the final spin Z’f and is transported to the 
phase space point Zf during one turn in a storage ring. If TtZ1 is the one turn spin transfer 
matrix, then for every phase space point Zi a spin field vector Z(Zi) exists such that 

The spin follows the invariant spin field if the motion of the spin is adiabatic. One method 
to calculate the invariant spin field is stroboscopic averaging [2], which is based on multi-turn 
tracking and averaging of the spin viewed stroboscopically from turn to turn at one position in 
the ring. The invariant spin field has also been studied using a method called adiabatic anti- 
damping [3], which is very similar to the method presented here. In this study the motion of the 
particle and spin is adiabatically excited with coherent betatron oscillations using an rf dipole. 
With respect to the amount of polarization that can be provided to experiments at RHIC, 
the invariant spin field is investigated at the interaction point of the PHENIX experiment. 
The RHIC lattice was taken without field errors and misalignments of the magnets. The spin 
and particle motion were calculated using the spin tracking program SPINK [4]. Coherent 
betatron oscillations have also recently been used for spin manipulation to overcome intrinsic 
spin resonances in the Alternating Gradient Synchrotron AGS [5]. 
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2 Calculation of the invariant spin field 

A controlled betatron oscillation is introduced by an rf dipole to calculate the invariant spin 
field. The rf dipole is slowly energized to its final field and back to zero field in a way that the 
resulting particle and spin motion is adiabatic. Adiabaticity is achieved if the spin and particle 
arrive at their initial position after de-energizing this device. In order to get a large coherent 
amplitude Z,, , the modulation tune f of the rf dipole, defined as the oscillation frequency of 

the r-f dipole field divided by the revolution frequency of the particles in the accelerator, has to 
be close to the fractional betatron tune [5]: 

In Eq. 2, pZ is the betatron amplitude at the location of the rf dipole, 6 the difference between 
the modulation tune of the rf dipole field and the fractional betatron tune, I the length of 
the rf dipole, B the amplitude of the of dipole field, and (BP p) the magnetic rigidity of the 
beam. If the spin of the particle on the closed orbit is started parallel to the corresponding 
spin field vector2, and the rf dipole excites the motion of the spin adiabatically, then the spin 
of the particle remains parallel to the invariant spin field during the excitation. In this case 
one particle spin tracking is sufficient to calculate the invariant spin field in the entire phase 
space. In the presented study the particle is excited vertically, and the vertical betatron tune 
is equal to the design betatron tune of BIIIC (z+ = 29.18). 

2.1 Invariant spin field away from spin resonances 

Beam energies corresponding to half integer -yG values were chosen to investigate the invariant 
spin field away from spin resonances. In Fig. 1 the excitation of the particle and spin caused 
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Figure 1: Simulated excitation of the particle (left; upper curve: a, lower curves: (y, y’)) and 
spin (right; upper curve: sy, lower curves: s, and s,) by an rf dipole in RHIC. 

by an rf dipole with a modulation tune of f = 0.171 at a beam energy corresponding to 

2called 50 axis on the closed orbit, calculated using the method of stroboscopic averaging [2] 
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yG = 430.5 is shown. The coordinates (y, y’) are the position and angle of the particle in the 
vertical phase space, and a the normalized vertical amplitude, given by the square root of the 
vertical betatron amplitude3 and normalized vertical beam emittance. The amplitude of the 
rf dipole field was increased to an integral field strength of J B dl = 0.01 Tm and decreased 
back to zero amplitude in 9000 turns. The particle and the spin return adiabatically to their 

initial position after 9000 turns. In Fig. 2 the components of the invariant spin field are plotted 
versus the vertical position and angle at the interaction point of PHENIX. The deviation of 
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Figure 2: Components of the invariant spin field versus vertical position (left) and vertical angle 
(right). The upper curve is ny, the lower curves are nz and n,. 

the invariant spin field from the vertical axis for an excitation of y=2 mm or y/=0.2 mrad is less 
than 15”. The components of the invariant spin field as a function of the normalized vertical 
amplitude can be seen in Fig. 3. A normalized vertical beam emittance of 207r mm mrad, which 
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Figure 3: Components of the invariant spin field versus normalized vertical amplitude. The 
upper curve is r+,, the lower curves are n, and nS . 

corresponds to a normalized vertical amplitude of a=0.015 m at the interaction point, includes 

3about 10m at the interaction point of PHENIX 



95% of the phase space of the RHIC beam. Even for particles on the surface of the beam the 
deviation of the invariant spin field from the vertical direction away from any spin resonance 
is very small. 

2.2 Invariant spin field at the strongest intrinsic spin resonance 

The behavior of the invariant spin field at the resonance energy of the strongest intrinsic spin 
resonance at RHIC, corresponding to yG = 422.18, has also been investigated. In order to keep 
the motion of the spin adiabatic, the amplitude of the rf dipole has to be increased in three 
million turns to J B dl = 0.004 Tm (Fig. 4). Aft er reaching the maximum modulation field, the 
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Figure 4: Simulated excitation of the particle (left; upper curve: a, lower curves: (y, y’)) and 
spin (right; upper curve: sy, lower curves: s, and ss) by-an rf dipole in RHIC. 

amplitude of the rf dipole field was kept constant for half a million turns and decreased to zero 

amplitude in another three million turns. During energizing and de-energizing of the r-f dipole, 
interference structures of the spin motion, caused by the overlap between the intrinsic spin 
resonance and the spin resonance excited by the rf dipole, can be observed (Fig. 4). To reduce 
the effect of the rf dipole on the spin, the modulation tune has to be moved closer to the vertical 
betatron tune. At the same time the amplitude of the rf dipole was reduced to keep the coherent 
amplitude constant. The components of the invariant spin field for different modulation tunes 
and amplitudes of the rf dipole are plotted in Fig. 5 versus the normalized vertical amplitude 
up to a=O.Ol m, which corresponds to a normalized vertical beam emittance of 10n mm mrad. 
The interference structure of the invariant spin field disappears as the modulation tune of the 
rf dipole is moved closer to the vertical betatron tune. The oscillation of the invariant spin field 

around the vertical axis at a normalized vertical beam emittance of 10~ mm mrad is very large. 
On the surface of the beam the deviation of the invariant spin field from the vertical direction 
varies between 30” and more than 90”. The behavior of the invariant spin field versus vertical 
position and angle at the interaction point of PHENIX is shown in Fig. 6. In the range from 
y = f0.7mm or y’ = f0.07mrad the vertical component of the invariant spin field changes 
from one to negative values. This shows that it is essential to calculate the invariant spin field 
before providing a polarized beam to an experiment at a certain energy. 
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Figure 5: Components of the invariant spin field versus normalized vertical amplitude for dif- 
ferent modulation tunes and amplitudes of the rf dipole. The upper curve is nV, the lower curves 
are nz and n,. 
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Figure 6: Components of the invariant spin field versus vertical position (left) and vertical angle 
(right). The upper curve is ny, the lower curves are n, and n,. 



3 Conclusion 

Coherent betatron oscillations cannot only be used for spin manipulation, but also for spin 
diagnostics. The particle motion has been excited with an rf dipole to calculate the invariant 
spin field at various energies in RHIC. The calculation of the invariant spin field close to an 
intrinsic spin resonance is delicate, because the influence of the r-f dipole on the spin motion is 
not negligible. The modulation tune of the r-f dipole has to be moved very close to the betatron 
frequency in order to keep the effect of the rf dipole on the spin motion small. This is hard to 
achieve if one wants to use this method to measure the invariant spin field close to an intrinsic 

spin resonance because the chromaticity of the accelerator has to be corrected very precisely to 
keep the betatron tune spread small enough. It is much easier to measure the invariant spin field 
including the interference structure and then compare it to the simulation to get an estimation 
for the excitation of the invariant spin field by intrinsic spin resonances. In the next step this 
calculation will be extended including field errors and misalignments of the RHIC magnets. 
For the experimental proof of this calculation, a polarimeter has been proposed which is able 
to measure sideways polarization [6]. Not only for spin dynamics calculation but also from the 
experiments’ point of view, it is important to calculate and measure the invariant spin field. 
This effect will likely exclude certain energy ranges in the vicinity of spin resonances from being 
used for spin experiments at RHIC. 
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